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In a nonlocal reaction-diffusion model in combustion theory the reaction 
function invol.ies a physical parameter 4 which is a measure of the strength of the 
reaction mechanism. The purpose of this paper is to show the existence of a critical 
value o* such that for u < o* a unique global time-dependent solution exists and 
converges to a steady-state solution as I + cc, and for o > CJ* the solution blows-up 
in finite time. A characterization as well as upper and lower bounds of n-* are 
given. f 1992 Academic Press, Inc 
1. INTR~DUCTT~N 
In the combustion theory of thermal explosion an extended model for 
the temperature distribution in a bounded domain Q in [w” is given by the 
integro-parabolic boundary value problem (cf. [3, 51) 
u, - DV3, = g e”““. Cl dx’ 
1 
(f>O, XEQ) 
Bu = a(x) au/av +fl(x)u = h(x) (l>O, XEaQ) (1.1) 
40, x) = &I(-~) (XEQ), 
where D, (T, and y are positive constants, h is a nonnegative constant, and 
a/& denotes the outward normal derivative on LX?, the boundary of 52. The 
boundary functions X(X), p(x), and h(x) are nonnegative with either 
M(X) s 0, b(x) > 0 (Dirichlet condition) or E(X) > 0, p(x) 2 0 (Neumann or 
Robin condition). It is known that when b = 0 and h = u0 = 0 there exists 
a critical value (r* such that for 0 < C* a unique global solution u(t, x) to 
( 1.1) exists whilst for CJ > C* the solution u( t, X) blows-up in finite time (cf. 
[2, 4, 6, 91). In this paper we extend the global existence and blowing-up 
property of a solution to the problem (1.1) where b, h, and u(, are 
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nonnegative, not necessarily identically zero. In addition, we show that 
when CJ < G* the corresponding steady-state problem 
-DV’u=a [el”+b h, ey”(“‘dx’] in Q 
(1.2) 
Bu = h(x) on 1.32 
has a positive solution U,(X); and when u0 6 u,, including u0 = 0, the time- 
dependent solution of (1.1) converges to U,(X) as t -+ a. All these results 
are shown for the boundary condition which can be either Dirichlet type 
or Neumann-Robin type. As in the case h = 0 the critical value c* for the 
present problem is determined by the existence or nonexistence of a 
positive solution to (1.2). We characterize the value of o* and obtain upper 
and lower bounds for cr* as well as for the blowing-up time T*. 
The global existence and the blowing-up behavior of the solution for the 
case b = 0 have been investigated by many researchers but are mostly for 
the Dirichlet boundary condition or for the case h(x) = 0 (cf. [2-7, 99111). 
The work in [2] summarizes much of the results for the Dirichlet bound- 
ary condition with u,, = 0, whilst those in [ 10, 111 are devoted to various 
conditions on u0 under the Robin boundary condition. In this paper we 
consider both type of boundary conditions, as well as an arbitrary 
nonnegative boundary function h(x), including h(x) G 0. Since our results 
hold true for the case h = 0, the above consideration improves some of the 
conclusions in the earlier work in the above references. 
2. THE MAIN RESULTS 
To ensure the existence of a classical solution to (1.1) and (1.2), we 
assume that the boundary 8.Q and the given functions, z, j, h, and u0 are 
sufficiently smooth, and when cx =0 the compatibility condition /3u0 =h 
holds on &E?. Consider the steady-state problem (1.2). Since the function 
(2.1) 
is nondecreasing in U(X) and is Holder continuous in 0 whenever 
UE C”(Q) the sequence { ~6“)) given by the iteration process 
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is well defined, and &)E C2+‘(Q) for every k = 1, 2, . . . . when u”))E Cz(,Q) 
(cf. [ 11). Suppose Problem (1.2) has a positive upper solution G,, that is, 
ii,Y satisfies the relation 
-DV2ii,30 [e;'"$+b Ja e'"~l“)rlr'] in Q (23) 
Bii, 3 h(x) on dSZ. 
By the well-known monotone argument for elliptic boundary value 
problems the sequence given by (2.2) with U(O) = ii, converges monotoni- 
cally from above to a maximal solution U,(x) of (1.2) (cf. [ 1 I). Since ti,, = 0 
is a lower solution of (1.2) the same monotone argument shows that the 
sequence corresponding to u ‘O) = 0 converges monotonically from below to 
a minimal solution g,(x). In view of f(0) > 0 the above monotone con- 
vergence yields U,(x) 3 g,(x) > 0 in Q. Hence to guarantee the existence of 
a positive solution for the problem (1.2) it suffices to find a positive upper 
solution. Clearly, no positive upper solution can exist when /‘I(x) ~0. 
Suppose p(x) is not identically zero. Then for any constant p > 0 the linear 
boundary-value problem 
-DV%=p in Q, Bw,=h(x) on ?IQ, (2.4) 
has a unique positive solution M’~,. It is obvious that ii,, = w,, is an upper 
solution if 
Since w,, is independent of 0 there exists (T() >O such that the above 
inequality holds for every 0 d G,,. This implies that for any 0 <a, 
Problem (1.2) has at least one positive solution which is denoted by 
u,~(x; a) to demonstrate its dependence on G. It is clear that if u,(x; 0’) is 
a positive solution of (1.2) corresponding to some 0’ > G then it is an upper 
solution; and therefore the problem has a positive solution u,(x; a) for 
every g < CJ’. This property implies that the constant CJ* given by 
CJ* = sup{ 0 > 0; a positive solution to (1.2) exists} (2.5) 
is well defined and is positive. Moreover, since every positive solution of 
(1.2) is a positive upper solution of the same problem with b = 0, and since 
the problem with b=O has no positive solution when D is large, the con- 
stant G* must be finite. This observation leads to the following conclusion. 
THEOREM 1. Let B(X) f 0, h(x) 3 0, and let o* be given by (2.5). Then 
o* is positive, finite and for any u-c o * the problem (1.2) has a maximal 
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solution U,(x) and a minimal solution g,,(x) such that U,(x) 3 g,(x) > 0 in 52. 
When a > o* the problem has no positive solution. 
In analogy to the steady-state problem (1.2) the time-dependent problem 
(I. 1) has a unique global solution if there exist a pair of ordered upper 
lower solutions. Here upper and lower solutions ij, li are required to satisfy 
the inequalities 
ii, - DV2ii > r~ e’Li”. \‘I u’x’ 1 (t>o, XEQ) 
Bii 3 h(x) (t>o, XEa2) (2.6) 
qo, x) 3 u()(x) (XEQ) 
and the reversed inequalities, respectively. Sinced for any u0 3 0, ti = 0 is a 
lower solution, the existence of a positive solution follows from the same 
monotone argument as for the standard parabolic boundary-value problem 
provided that there exists a positive upper solution (cf. [ 121). It is obvious 
that if II, is a positive upper solution of the steady-state problem (1.2) then 
it is an upper solution of (1.1) when ug d ii,, ; and in this situation 
Problem (1.1) has a unique global solution u(t, x). To ensure the con- 
vergence of u(t, X) to a steady-state solution as t + n3 we prepare the 
following positivity lemma concerning functions in C(D, ) n C ‘, 2( D, ), 
where D,= (0, T] x 52, D,= [0, T] x Q, and C’,2(D,) denotes the set of 
functions which are once-differentiable in t and twice differentiable in X. 
LEMMA 1. Let w E C( D T) n C ‘. 2( D 7) and sati&) 
u.,-DV’w>c,(t,x)w+ 
J 
c2( t, x’) w( t, x’) dx’ in D,, 
52 
(2.7) 
Bw > 0 on (0, T] x dR, ~(0, x) > 0 in Sz, 
where ci = ci(t, x), i = 1, 2, are bounded functions in D,. Then u’> 0 on DT. 
Moreover, w > 0 in D, if c2 3 0 and M’ is not identically zero. 
Proof Let C, be the last upper bound of c,(t, x) in D,, i= 1.2, and let 
v = e-;” w for some constant y > C, + Cz 1521, where I&‘] is the “volume” of Q. 
By the relation (2.7), 
Lv-v,-DV2v+(1,-c,)v> 
I 
c2( t, x’) w( t, x’) dx’ in D 7 
R 
(2.8) 
Bv30 on (0, T] x&S, ~(0, x) 3 0 in 52. 
Assume by contradiction that v has a negative minimum at some point 
(to, xO)sDT. In view of ~(0, x) 30, t,>O. Consider the case /3(x) >O on 
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LJSL. Then x0 4 LX& for if x0 were on c?‘JQ then u(t,, x,,) > 0 when x(x,,) = 0 
and 
when c((x,,) > 0, (2.9) 
contradicting the negative minimum property of u(t,, x,,). Knowing 
(to, .Y~)ED, we have r,(t,, x,)dO, rY,JtOr ,q,)>O and hence 
(~~)(hl, -4 G (;! - c,(t,, -%)) u(t,, x0). 
In view of (2.8) 
(7 - c,(bb x0)) u(hl, x0) 3 J c2(t0, x’) u(t,, x’) dx’ > C, IQ u(t,,, x,,). 
R 
This leads to y-C, < CZ ISZI, which contradicts the relation y > C, + C, IQI. 
Hence u(t, x) = e7’u(t, x) b 0 in DT when b(x) > 0. In the general case 
/I(X) 3 0 the above conclusion remains true if either x0 E Q or x0 E ~%2 and 
fl(,q,) >O. In the event of X(,E aQ and 8(x0) =O, the relation (2.9) is 
reduced to (i?v/&)(t,, ,x0) > 0. In this situation we choose a small positive 
constant E satisfying 
3E < (Y - c, - c2 IQ1 )( -u(h), x0)) (2.10) 
and find a point x,EL?, sufficiently close to x0, such that 
a(t,, x,) d U(f”, xg) + E/(Y -C,), U,(4l> x,.1 6 E 
DV2u(t,, x,) 3 -&. 
By the relation (2.8) with X=X,, we have 
3s + (Y - c,(t,, -x,)1 U(f,, x0) 3 i, c,(h,, x’) u(t,, x’) dx’ 3 F, 1521 u(t,, x,), 
which contradicts the relation (2.10). This contradiction shows that 
u’= e”u(t, x) 2 0 in DT. Finally, when c2 2 0 the integral term in (2.7) is 
nonnegative. The positive property of u’ in D, follows from the maximum 
principle. 1 
It is easily seen that when /I(x) E 0 (Neumann boundary condition) the 
solution u(t, x) of (1.1) blows-up in finite time for any CJ > 0 (cf. [ 111). 
Without loss of generality we may assume that b(x) is not identically zero. 
This implies that the principle eigenvalue & of the eigenvalue problem 
DV24+@=0 in R, B#=O on aQ 
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is positive and its corresponding eigenfunction d(x) is positive in Q. 
We normalize 4 so that IQ1 ~ ’ so d dx = 1. Using the property of 4 and 
Lemma 1 we show the following main result. 
THEOREM 2. Let h(x) 3 0, u0 3 0, and let o* he given by (2.5). Then (i) 
for o < o* the steady-state problem ( 1.2) has a minimal solution u,~(x) > 0 in 
Q and for any u,, 6 _u, a unique global solution u( t, x) to ( 1.1 ) exists and con- 
tlerges to u,,(.K) as t + cr, and (ii),fijr o > cr.* no positive steady-state solution 
can exist and there exists a,finite T* such that a unique solution u(t, x) to 
(1.1) exists in [0, T*) x D and 
lim [m>; u( t, x)] = r;. 
I-T* 
(2.11) 
Proof (i) Consider Problem (1.1) with u0 = 0. Since for 0 <(T* the 
problem (1.2) has a positive minimal solution _u,) the pair ii = _u,$ and ti = 0 
are upper and lower solutions of ( 1.1). This implies that Problem ( 1.1) has 
a unique solution g(t, x) and O<u(t, x)<~,(x) (cf. [lo, 121). Let 6 >O be 
any constant and let i+( t, X) = _u( t + 6, x) - u( t, x). By (1.1) and the mean 
value theorem. MI satisfies the relation 
(2.12) 
and the boundary-initial conditions 
fh~=O (t>o, XEaQ), ~$0, x) = zj(6, x) 3 0 in Sz, 
where r](t, X) is an intermediate value between g(t, x) and g(t + 6, x). By 
an application of Lemma 1 with c, = ayeyV”. ‘) and cZ = hayeYV”. ” we have 
w 3 0 on Dr. This shows that for each x E 0, u( t, x) is nondecreasing in t, 
and therefore g(t, x) converges to some function u,(x) as t + CG. Using the 
argument in [ 131 the limit U,(X) is a solution of (1.2) and 0 < u,,(x) <g,(x). 
The minimal property of _u,~(x) implies that u,(x) = u,(x) in ST. Now for 
0 d u0 d _u, the pair g,(x) and g(t, x) are upper and lower solutions of ( 1.1). 
This ensures that the corresponding solution u(t, x) satisfies g(t, x) < 
u(t, X) < g,(x); and therefore u(t, x) + g,(x) as t + co, which proves the 
conclusion in (i). 
(ii) It is clear that when 0 > D* no positive solution to (1.4) can exist. 
Moreover, the above proof shows that the solution g(t, x) corresponding to 
u0 = 0 is strictly increasing in t. Hence there exists T* < m such that 
g(t, x) -+ co at some point in 0 as t -+ T*, for otherwise, u(t, X) would 
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converge to a positive solution of (1.2), contrary to the hypothesis c > LT*. 
Since for any u0 3 0 the corresponding solution u(t, x) satisfies u(r, X) 3 
_u(t, x), it suffices to show that T* is finite when u,, = 0. Define 
4(r) = IQI (2.13) 
where ~(0, x) = 0. In view of ( 1.1) 
IQ1 q’(f) = j 4~ x) d(x) d.x 
R 
= D lc2 c,hV*u dx + CJ ( jQ dry” dx + h ja 4 dx h, eyucr, “I d,x’). 
Consider the case r(x) > 0. By the Green’s theorem and the relation 
~au/av-ua~/av=cc~‘[~(-~u+h)-u(-~~)]=a~’~h30 
we obtain 
D i,, cjV2u dx = D jQ uV’4 d,x + D j” (4 i?u/ih - u &b/i%) dS 
3-a 
3 -2, I uq3 dx = -“,, JL? q(c). R 
This leads to the relation 
3 o, 1521p1 jQ uc$e7u(‘~ ‘) dx, (2.14) 
where 
G’=a(l +h lQl/$) and $=max{d(x); XESZ}. (2.15) 
In the case U(X) =O, d(x) =0 on &2; and in this situation a#/& 60 and 
therefore 
D s, c#V2u dx = D lQ uV*t$ dx - D i, (u &b/h) dS > -A0 j!2 q(t). 
This also leads to the relation (2.14). Since the function f(u) = eYU is convex 
and IL2 -I ja d dx = 1, the Jensen’s inequality implies that (cf. [S]) 
q’ +&q 3 6, exp [‘r’ Ifi/ PI jQ ~4 dx] = gl exp(yq). (2.16) 
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Integration of the above inequality over (t, , T) for T > t, 3 0 gives 
s 
YITI 
T-t,< (a, e;” - i.,,s) ’ ds < [ ’ (o,y-&s) ’ ds. (2.17) 
d,l ‘,,‘/(IIl 
The integral at the right-side exists and is finite if H(s) = o1 7~’ - &s > 0. 
Since H(s) is an increasing function of s when e‘ > &,/a, ;‘, we see that T 
is finite if either &,<a,7 and q(t,)>O or &,>a,? and q(t,)> 
‘J ’ ln(L,/a,y). This shows that if there exists t, 20 such that q(t,)> 
y-r ln(%,/a,r), the solution u(t, x) blows-up at some finite time. Now if T* 
were not finite, then q(t) exists globally and is bounded by ;’ ’ ln(&jo,;‘) 
for all t > 0. Define 
u,(t, x) 4(x) dx; t > 0 
By the strict increasing property of u(t, x) in t, u,(f, x) > 0; and by the 
mean-value theorem and ~(0, x) = 0, 
where 0 d q d t. The bounded property of q(r) ensures that w = 0, which 
yields the relation lim ~,(t, X) = 0 as t -+ a. Hence for any positive 
E < c - cr* there exists t,, > 0 such that u,( t,, x) d c in L?. Set C,.(x) E u(f,:, x). 
In view of (1.1) and (1.2) 
Bii, = h(x) on dS2 
where gc = cr - E. This shows that 17, is a positive upper solution of (1.2) 
corresponding to g = G,:, and therefore there exists a positive steady-state 
solution. But this is impossible since oi > G*. This contradiction shows that 
T* must be finite. 1 
Remarks. (a) Since the function H(s) = 0, ye‘ - I,s has a minimum 
at s0 = ln(l,/o, y) and H(s,) = A,( 1 - sO) > 0 when s0 < 1, the relation 
(2.17) implies that T < w when (T, y > &,/e. In this situation, q(t) grows 
unbounded at some finite T* for any q(0) 3 0, and therefore u(t, x) satisfies 
(2.11) for any u0 3 0. Hence no positive solution to ( 1.2) can exist if 
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g, > &l;tr. Since there is always a positive steady-state solution when 
G < CJ~ we conclude that 
cJ() < CT* < A”/+( 1 + h lszl/$). 
Note that c,, depends on ag as well as on h(x). 
(2.18) 
(b) It is obvious that an upper bound of the blowing-up time T* can 
be obtained from (2.17). Since the solution of the equation Q’ = CJ, e@ is an 
upper solution of (1.1) for every T< T, E (CJ, y) ’ e yQ(o) when Q(0) 2 u. 
and BP(O) 3 h, we see that if h/p is finite then for any Q(0) 3 maxii,, Z}, 
where U,, h are the respective least upper bounds of u. and h//l, the solu- 
tion u(t, X) of (1.1) exists in [0, T] x 0 and u(t, X) 6 Q(t). This implies that 
the blowing-up time T* is bounded below by (a,peYQ”‘) ‘. Note that for 
the homogeneous Dirichlet boundary condition u = 0, Q(O) = Co. 
(c) For c < G* a unique global solution u(t, X) to (1.1) exists and 
converges to the minimal solution u,~ of (1.2) when u. <_u,. In the case 
no < U,, where U, is the maximal solution of (1.2), the pair ii = U, and li = 0 
are upper and lower solutions; and therefore a unique global solution 
u(t, X) to (1.1) also exists and 0 < u(t, X) 6 U,(X). It is not clear in this situa- 
tion whether the solution u(t, X) converges to a steady-state solution as 
t+ a. However, ifu,(t,,.u)aO in SL at some t, >O then u(t,,.u) is a lower 
solution of (1.2), that is, V(X) E u(t,, x) satisfies 
In this situation, u(t, X) is nondecreasing in t for t > r, , and therefore it 
converges to a steady-state solution as r + cxj. The proof of this conclusion 
follows from the same reasoning as in the proof of Theorem 2. 
(d) All the conclusions in Theorem 1, Theorem 2, and the above 
remarks hold true for the case b =O. Therefore, these results are directly 
applicable to the classical thermal explosion model considered in 
[2-7, 10, 111. 
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